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The general properties of the energy projectors for massive fermions have been evaluated,
and the general expression for the full quark propagator in the color-superconducting phase
has been worked out, which may provide a convenient and powerful tool to study the phase
structure from the hadron phase to high baryon density region.
I. INTRODUCTION
Even though the standard BCS theory predicted the existence of color-superconducting phase at high
baryon density twenty years ago [1] [2], till quite recently did QCD phase transition in the baryon density
direction attract much attention after the appearance of [3] and [4]. The authors of the two papers found,
due to the non-perturbative eects, the color-superconducting gap can be of the order of 100MeV, which is
two orders larger than early perturbative estimates [5]. In the idealization case of three degenerate massless
u, d and s quarks, it is expected to form a color-flavor-locking (CFL) phase in very high density region [6].
For review of the rich phase structure at high baryon density, see [7].
While for physical applications, we are more interested in the moderate baryon density region which may
be related to the neutron stars even in very optimistic cases | to heavy-ion collisions. In this case, the
current quark masses especially s quark mass could not be assumed to be zero comparing with the chemical
potential. Furthermore, the quark-antiquark condensation would not be totally restored, which contributes
an eective mass to the current quark. And the strange quark mass plays an important role to understand
the real scenario of phase transition in the baryon density direction, i.e., to answer the questions whether
the phase transition is from hadron phase to the color-superconductivity rst, then to the CFL phase, or
from hadron phase to the CFL phase directly [8] [9] [10]?
Till now, there is no unique way dealing with the quark mass term from moderate to very high density
region.
Usually, the diagrammatic methods or Nambu-Gorkov methods are used in in the asymptotic densities,
where the masses of quarks are set to zero, the green-function of the eight-component eld and the gap
equation were discussed in detail in [11] [12].
At less-than-asymptotic densities, the importance of non-zero quark mass corrections to the pure CFL
phase was discussed in [8] [9] and [13] - [17], and the meson excitations in [18] [19], the structure of mass
term was investigated in the eective theories recently in [20]. In this dense region, the anti-particles can
be regarded decoupled from the system, and the quark mass m corrections can be treated perturbatively by
expanding m order by order [20] [19].
While, in the moderate baryon density region, i.e., in the chiral condensation and diquark condensation
coexisting phase, the chiral condensation contributes a dynamic quark mass, it is not reasonable any more
to treat the quark mass perturbatively. In this region, the usual way is using the variational methods to
work out the gap equations from the thermodynamic potential [21]- [28]. However, no meson excitations or
diquark excitaions were discussed except in [22], where the quark propagator were evaluated explicitly.
In this paper, we focus on working out the full quark propagator with a quark mass term involved, so that
the quark mass term can be treated uniquely from moderate to high density region by using diagrammatic
method, which is very convenient in eld theory and also in many-body theory.
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II. THE QUARK PROPAGATOR
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−1 = (p0  )γ0 − ~γ  ~p−m; (3)
where m is the quark mass term, which can be current quark mass or eective quark mass resulted from
quark-antiquark condensate. In the case of only 0+ scalar diquark condensate involved, we have
− = γ5; + = −γ5 (4)
and we neglect the color, flavor, and Dirac index.







with the o-diagonalized matrix elements
  −GG0 ; (6)




−1 − o−1 ;   G0  : (7)
A. Properties of the energy projectors











The energy projectors of massive free particles own the basic properties of projectors:
(~p)(~p) = (~p);
(~p)(~p) = 0;
+(~p) + −(~p) = 1: (9)
Furthermore, we can evaluate the properties of the energy projectors under the tansformation of γ matrix,
which will be used later frequently:
γ0(~p)γ0 = G(~p);




γ5(~p) = G(~p)γ5: (11)




(1 γ0(~γ  ~p−m)
Ep
); (12)
which have dierent sign in mass term comparing with , i.e., under the tansformation of γ0,  change
the signs of energy and mass, under the transformation of γ5,  only change the sign of its mass term.











−(~p) = 1: (13)
In the limit of quark mass m ! 0, we have





(1  γ0~γ  ~p
~p
) (14)
B. The quark propagator
Using the energy projectors, we can re-express the inverse quark propagator as follows
[G+0 ]
−1 = γ0(p0 − E−p )+ + γ0(p0 + E+p )−; (15)
and
[G−0 ]
−1 = γ0(p0 − E+p )+ + γ0(p0 + E−p )−: (16)





Using the properties Eq.(10), we can evaluate the quark propagator
G+0 =
1
γ0(p0 − E−p )+ + γ0(p0 + E+p )−
=
γ0(p0 − E−p )G+ + γ0(p0 + E+p )G−)
(γ0(p0 − E−p )+ + γ0(p0 + E+p )−)(γ0(p0 − E−p )G+ + γ0(p0 + E+p )G−)
=
γ0(p0 − E−p )G+ + γ0(p0 + E+p )G−)

















For the quarks participate the diquark condensate, the diquark-condensation will correct the quark prop-
agator. Using the properties of energy projectors Eq.(10), we get
G+  [G+0 ]−1 −−G−0 +}−1
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In the limit of  = 0, Eq.(20) - (23) return to Eq. (18) and Eq. (19).






































with Ep = ~p .
III. CONCLUSION
We have evaluated the general expression of the quark propagator with a mass term involved in the color-
superconducting phase, which has a very similar form as that in the massless limit. This means that we
can use the diagrammatic methods in the moderate baryon density region like that in the very high density
region. It maybe provide a convenient and powerful tool to study the phase structure from the hadron
phase to the moderate baryon density region, then to the very high density region. The application of the
propogator in the moderate region and in the color-superconducting phase will be described in detail in [29],
and the massive s quark will be considered in the near future.
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